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SUMMARY
In this study, a finite element model of a tissue-mimicking, viscoelastic phantom with a stiffer cylindrical
inclusion subjected to an acoustic radiation force (ARF) is presented, and the resulting shear waves through
the heterogeneous media are simulated, analyzed, and compared with experimental data. Six different
models for the ARF were considered and compared. Each study used the same finite element model, but
applied the following: (1) full radiation push; (2) focal region push; (3) single element focal point source;
or (4) various thresholds of the full radiation push. For each case, displacements at discrete locations were
determined and compared. The finite element simulation results for the full radiation push matched well
with the experimental data with respect to replicating the shear wave speed and attenuation in the peak dis-
placements through the background medium and inclusion, but did not illustrate comparable recovery after
the peak displacements. As a result of this study, it has been shown that a focal region or point source push
is not adequate to accurately model the effects of the full radiation push, but thresholding the full push can
produce comparable results and reduce computation time. Copyright © 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The use of palpation to determine the health of soft tissue has been a historical practice that is still
used at present in clinical exams. Although effective, palpation may not be able to detect tumors
that are deep within the soft tissue. In the past two decades, there has been significant investi-
gation into the possible use of remote palpation techniques, which provide non-invasive means
of determining tissue health. The primary aim of these techniques is to quantitatively estimate
and image biomechanical properties that are associated with the tissue structure and pathology,
such as the shear modulus, for diagnosis. The biomechanical properties may be estimated using
inverse methods applied to tissue displacement measurements, such as those described in [1–3].
The tissue displacements may result from a static [4] or dynamic load [5], and the load may
be applied through either external mechanical means [6] or by creating an acoustic radiation
force (ARF) from a focused ultrasound transducer [7]. The displacements may be measured
using either ultrasound imaging or MRI [8, 9]. Both modalities have shown potential for clinical
use [7, 10, 11], with ultrasound being lower in cost, but MRI being able to image regions, such
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as the brain, that are inaccessible with ultrasound. This work focuses on the dynamic response of
soft tissue to ARF, and presents simulation tools for modeling the tissue response to correlate with
experimental observations.
Ultrasonic techniques have been used to image displacements in soft tissue resulting from
dynamic excitations that generate shear waves with the goal of identifying elastic and viscoelastic
properties that affect the wave speed, amplitude, phase, and attenuation. Sarvazyan et al. [5] pro-
posed a method they called shear wave elasticity imaging that uses the highly localized application
of radiation force from focused ultrasound to characterize soft tissue. One of the challenges in using
ultrasound to image shear waves is the relatively fast speed of the wave compared with the stan-
dard ultrasound scanner frame rate. To overcome this limitation, Fink and co-workers developed
an ultrafast, ultrasonic imaging system that can be used to measure one or two components of the
displacement field as a function of time on an imaging plane associated with propagating shear
waves [6,12,13]. In that work, they used two methods to generate the shear waves, which they refer
to as transient elastography and supersonic shear imaging. In transient elastography, an external
mechanical source with a single pulse induces a traveling shear wave in the tissue, which can be
imaged as a function of time within the medium. supersonic shear imaging utilizes an ultrasound
transducer to induce shear waves through a fast sequence of acoustic radiation pushes along a line,
which create shear waves that constructively interfere and can be imaged with the ultrafast, ultra-
sonic scanner. By utilizing an ARF generated from an ultrasonic transducer, it is possible to induce
displacements deep within the tissue. In 2001, Nightingale et al. [7] demonstrated the feasibility of
using ARF as a technique for remote palpation. In that work, local tissue stiffness was associated
with the magnitude of the tissue displacement, which was induced by the ARF. Nightingale et al.
[14] also demonstrated the feasibility for acoustic radiation force imaging (ARFI) with in vivo and
ex vivo experiments. In this ARFI method, transient shear waves were generated using ARF, and
their propagation was visualized with the ultrasound transducer. The shear wave speed was esti-
mated from the slope of the edge of the first wave through time and used to compute the local shear
modulus. Multiple experiments were performed to acquire data at different times after the ARF push.
Chen et al. [15] developed shearwave dispersion ultrasound vibrometry (SDUV), where both elas-
ticity and viscosity measurements are determined from the frequency dispersion of the shear wave
propagation speed. The shear wave propagation speed was determined by tracking the phase change
of the wave produced by an ARF.
Sonoelastographic imaging, developed by Parker and co-workers [8], utilizes the vibration
patterns created by the low-frequency propagation of shear waves at low depths in soft tissue.
The advantage of this method is that conventional ultrasound scanners may be used to image the
harmonic tissue motion. The vibration amplitude and phase can then be estimated using conven-
tional Doppler techniques. Wu et al. [16] used this method to estimate the shear velocity distribution
for soft tissue in a technique utilizing crawling waves. In this method, crawling waves is the term
used to describe the motion of the interference patterns that are created when two sources vibrate at
slightly different frequencies. Crawling waves are advantageous because the method is compatible
with conventional Doppler imaging scanners and is practical for clinical use in estimating elasticity
properties of breast, prostate, liver, and thyroid tissues. Wu et al. also demonstrated that the shear
wave velocity of the propagating wave was approximately proportional to the interference pattern
speed in certain cases. Lin et al. [17] developed an inverse method to image the shear wave speed
from the crawling wave data. Using the concept of crawling waves, Hah et al. [18] developed a
method to create these waves using radiation force excitation. It is this last experiment that motivates
the work presented here.
There have been prior efforts to model the response of soft tissue to an ARF excitation to inter-
pret and corroborate experimental studies. In those works, different approaches have been taken to
modeling the ARF. For example, in Bercoff et al. [19], the full push of the ARF is considered, in
Palmeri et al. [20], a portion of the ARF field, determined by a threshold of the maximum intensity,
is used, in Vappou et al. [21], the force is applied at only selected elements near the focus, and
in Giannoula et al. [22], a point source at the focus is used. This work will determine whether or
not a point source or a push in a small region near the focus is sufficient to adequately replicate
experimental data, or if the full push is required. Thresholding the full push is also investigated
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to determine if a percentage of the maximum body force (or intensity) may be used to accurately
represent the experimental data while reducing the computation time.
This work presents a method for three-dimensional (3D) modeling of heterogeneous viscoelastic
material in response to an ARF. In Bercoff et al. [19], a Green’s function approach is used to
model the response of a viscoelastic material to an ARF, which is limited to infinite, homogeneous
materials. Bercoff et al. touched upon the topic of only using a focal point source rather than the full
field; however, only the response at a single location was observed, so the full effect on the shear
wave was not investigated. This work also utilizes a Generalized Maxwell viscoelastic model instead
of the Voigt model, which was used by Bercoff et al. and Giannoula et al. [19,22]. The Generalized
Maxwell model is more physically realistic than the Voigt model as it accounts for relaxation over
a range of frequencies and does not predict an infinite wave speed at infinite frequency, which is
associated with the speed of the wave front. In comparison with the 3Dfinite element model pre-
sented in Palmeri et al. [20], this work considers a viscoelastic material rather than a purely elastic
material. Furthermore, in this work, a higher order integration scheme for computing the force near
the focus is used to allow for a coarser discretization near the focus improving efficiency while main-
taining accuracy. Both studies, however, utilize the Field II software, created by Jensen [23, 24], to
compute the radiation intensity field. Vappou et al. [21] used ABAQUS (ABAQUS Inc., Providence,
RI, USA) [25] to model the viscoelastic material, as in the current work; although the radiation force
is simulated only in the focal region of the model, not the full field, and a homogeneous viscoelastic
material was considered. Lastly, Giannoula et al. presented a finite element model of the shear waves
propagating through a heterogeneous viscoelastic material, but was only two-dimensional (2D) and
the excitation was implemented only at the focus.
In this work, simulation tools for modeling the shear waves resulting from an ARF excitation are
developed. The ultimate goals of the simulations described here are as follows:
1. To assist experimental design work by providing a predictive model for given transducer
settings and experimental setup and conditions;
2. To correlate theoretical and experimental results and provide insight on experimental
observations;
3. To provide quantitative data to test inverse algorithms for reconstructing the viscoelastic
properties of soft tissue; and
4. To set a framework for future finite element models that may incorporate additional
experimental features.
The organization of this paper is as follows. In Section 2, the theoretical framework of this
work is provided, including the constitutive equations for the selected rheological model and the
mathematical model for the ARF. In Section 3, the developed finite element model and simulation
methods are described, including an explanation of the case studies performed in this work. The
experimental set-up that is modeled and used for calibrating and testing the model is also described
here. In Section 4, the displacement fields from the finite element simulations are presented and
stepped through time to illustrate the propagating shear waves for each case study. The simulation
nodal displacement plots as a function of time are also presented and compared with experimental
data. Finally, in Sections 5 and 6, the results are discussed and a brief conclusion of the overall
work is provided.
2. THEORY
In this section, the theoretical framework for the work is provided. The governing equations used to
describe the behavior of viscoelastic materials is presented. In addition to the material framework,
the equations relating the acoustic radiation force to the radiation intensity are provided.
2.1. Viscoelastic Material Model
The behavior of the soft tissue is represented by an isotropic, Generalized Maxwell two-element
viscoelastic model illustrated in Figure 1. In this model, 1 is the long-term shear modulus, 1 and
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Figure 1. Generalized Maxwell two-element viscoelastic model.
2 are the shear moduli for Maxwell elements 1 and 2, respectively, and 1 and 2 are the viscosities
for elements 1 and 2, respectively. Decomposing the stress tensor, ij into volumetric and deviatoric
parts (using standard indicial notation [26, 27]) results in
ij D  0ij  pıij (1)
In this expression,  0ij is the deviatoric stress, p is the pressure associated with the volumetric stress,
and ıij is the Kronecker delta. In this work, the deviatoric behavior is treated as viscoelastic, whereas
the volumetric part is treated as linear elastic with
p D kk D K"kk (2)
where K is the bulk modulus and "kk is the trace of the strain tensor. The viscoelastic, deviatoric
behavior, as represented in the model in Figure 1, is defined by the relationships
 0ij D  01ij C  0.1/ij C  0.2/ij (3)
 01ij D 1"0ij (4)

0.m/
ij D m"0e.m/ij D m
d"0v.m/ij
dt
(5)
"0ij D "0v.m/ij C "0e.m/ij D "ij  "kkıij (6)
where m D 1, 2 indicates the Maxwell element, and superscripts v and e indicate the parts of
the strain acting over the viscous and elastic elements, respectively. With some manipulation, the
deviatoric stress may then be expressed as a convolution integral of the form
 0ij D 20
Z t
0
gR.t  s/ d
ds
Œ"0ij .s/ds (7)
where 0 is the instantaneous shear modulus defined as
0 D 1 C 1 C 2 (8)
and the relaxation function gR.t/ is defined as a Prony series [28],
gR.t/ D 1 
2X
mD1
gm

1  e tm

(9)
The parameters in the relaxation function are the relaxation time m and relaxation modulus ratio
gm for each Maxwell element defined as
m D m
m
(10)
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gm D m
0
(11)
The two-element model is chosen here to damp out high frequency behavior, using a small relaxation
time, as well as to capture observed time dependent relaxation on a larger time scale.
In addition to this isotropic, viscoelastic material behavior, the following governing equations for
small strain, viscoelastic dynamics are used
ij ,j C bi D @
2ui
@t2
(12)
"ij D 1
2

ui ,j C uj ,i
 (13)
where bi is a body force acting through the volume of the material,  is the density, ui is
the displacement field, and comma denotes spatial differentiation (, j D @=@xj ). Equation (12)
is the balance of linear moment and (13) is the definition of the small strain tensor in terms of the
displacement field ui . Equations (7)–(13) together with prescribed body force field bi (defined in
the next section) and appropriate displacement and stress boundary conditions are solved for the
time varying displacement field using a standard finite element method, described in Section 3.
2.2. Acoustic radiation force
The ARF is a body force that can be defined in terms of the temporal average acoustic intensity Ii
as [5]
bi D 2˛Ii
c
(14)
where ˛ is the attenuation coefficient, and c  pK= is the sound speed in the material. The
direction of the intensity is towards the focal point at locations between the transducer and the focal
point (above the focal point), and the intensity is directed away from the focal point at locations
below the focal point. The magnitude of the intensity vector, NI , is dependent upon the root mean
square acoustic pressure P and the material properties of the medium according to [29]
NI D P
2
2c
(15)
where the root mean square acoustic pressure is defined as the time-averaged value
P 2  1
T
Z T
0
p2dt (16)
where T is the period between applied pushes and p is the instantaneous acoustic pressure. The
expression for intensity may also be written as [30]
NI D P
2
2Z
(17)
where Z D c is the characteristic acoustic impedance, a property of the medium.
3. METHODS
In this section, descriptions of the experiment and model geometry, ARF model, and finite element
model are given along with the simulation parameters and an explanation of the cases studied in
this work.
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3.1. Experiment and model geometry
The experiment modeled here is similar to that described in Hah et al. [18]. Figure 2(a) illustrates
a diagram of the experimental setup. A linear transducer with a total of 192 elements was used to
generate an ARF into a gelatin phantom. The transducer is centered above the inclusion so that
ARF pushes on either side of the inclusion can be made by changing the set of transducer elements
and focal point. In this case, the ARF was created using 124 transducer elements, for a length of
approximately 25 mm, on the left-most side of the transducer to create a push on the left side of
the inclusion as shown. The focal depth was 25 mm for an f-number of 1. The element height is
5 mm. The gelatin phantom contains a stiffer 6 mm cylindrical inclusion located 9.33 mm to the
right and 4 mm below the ultrasonic transducer focal point. The total depth of the phantom was
approximately 95 mm. As can be seen in Figure 2(a), the focal point was not exactly centered below
the active elements, so the beam was slightly steered. A 250-s pulse was created by 1250 cycles
at a 5 MHz center frequency. The induced shear waves propagate through the tissue and inclusion.
The transducer was then used to image the resulting displacements in the ´ direction with time on
the center plane at a sampling rate of 2500 Hz. The displacement was imaged on a 31  301 grid
(lateral by depth) with a spacing of 	x D 0.6 mm in the lateral direction and 	´ D 0.077 mm in
the depth direction. Defining the origin at the transducer directly above the focus, the measurements
in the lateral direction were made over the range 06 x 6 18 mm and in the depth direction over the
range 11.556 ´6 34.65 mm.
An approximate, 3D model of the experiment has been created using the commercial finite
element code Abaqus [25]. A 2D diagram showing the model domain on the image plane is shown
in Figure 2(b) to compare with the experiment. The model of the ARF excitation was approximated
as symmetric by effectively moving the transducer 2.43 mm to the left. This was carried out to so
that the dotted line bounding the model domain on the left, at x D 0 mm, could be approximated as
a symmetry plane, reducing the size of the model. Thus, in addition to not capturing the real beam
steering, the model also effectively had a symmetric inclusion on the left side of the ARF, which
does not affect the results much because the reflected wave from the inclusion was largely damped
out by the time it reached the model domain boundary. The full 95 mm depth of the model was
(a) Experiment (b) Model
Figure 2. (a) Diagram of experimental setup and (b) approximate model of experiment assuming symmetry
of acoustic intensity field. Dimensions not to scale.
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considered, and the model was cropped on the right side at x D 20 mm. The model extends 10 mm
in the elevation direction from the image plane. The full 3D model domain is shown in Figure 3
where the boundary conditions on each face are given.
3.2. Acoustic radiation force model
As described in Section 2.2, the applied body force resulting from the ARF may be computed from
the temporal average intensity field, which is related to the acoustic pressure. The magnitude of the
temporal average radiation intensity for the ultrasound transducer was computed using the pressure
field obtained from the Field II Ultrasound Simulator software [23, 24]. The discretized form of
Equation (16) substituted into (17) used is
NI D
PNt
nD1 pnpn
2Z
!
(18)
where pn is the emitted pressure at sampling time tn, Nt D 
! is the total number of sampling
times, Z D c is the characteristic acoustic impedance, taken as 1.58106 kg/(m2 s), 
 is the pulse
period (time between pushes, taken as 10 ms), and ! is the sampling frequency of the pressure for
computation, taken as 250 MHz. In this work, because a phantom with low attenuation is modeled,
attenuation is not considered in the pressure calculation. The transducer was assumed to have a
fractional bandwidth of 60%. The direction of the intensity was taken to be pointing towards the
focus at every location above the focus and pointing away from the focus at every location below
the focus to create an intensity vector field.
The resulting intensity field is shown in Figure 4, where the logarithm of the magnitude of the
radiation intensity field normalized by the maximum intensity is imaged. On the left is a zoomed
view of the region near the focus, and a single finite element near the focus is shown. Because
of the large gradient in the intensity field near the focus, the intensity varies substantially within
the elements near the focus. To avoid using an extremely refined mesh in this region, higher order
Gaussian quadrature was used to compute an average intensity and resulting average body force in
each finite element in this region. Specifically, in the focal region, spanning 1.2 mm laterally, 8 mm
in depth, and 2.4 mm in elevation, around the 25-mm focal depth, a 10-point integration scheme
(10 points in each direction, thus 1000 integration points in each element) was utilized, whereas
a three-point integration scheme was used in elements outside of the focal region [31]. Using a
Figure 3. Three-dimensional diagram of finite element model domain showing applied boundary conditions
on the faces. Dimensions not to scale.
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Figure 4. Logarithm of the normalized radiation intensity on the x  ´ imaging plane with case regions
outlined; percentages indicate the threshold of the maximum body force.
10-point Gauss quadrature scheme, the maximum intensity computed within the element at the
focus was within 0.15% of the maximum computed intensity determined by Field II at the focus, as
compared with 12.6% using the three-point scheme. Thus, the 10-point quadrature was found to ade-
quately capture the full variation in the intensity field near the focus. Applying the Gauss quadrature
numerical integration scheme [32], the average vector intensity I ei for each element e within the
finite element model, can be calculated as
I ei D
1
e
nintX
qD1
I
q
i W
qJ q (19)
where e is the volume of element e, nint is the number of integration points, W q is the integration
point weight, J q is the determinant of the Jacobian, and I qi is the vector intensity, for the given
integration point q. The body force vector in each element, bei , is then taken as proportional to this
element intensity based on Equation (14)
bei D ˇI ei (20)
where ˇ is a proportionality constant.
3.3. Finite element model
The model domain described in Section 3.1 was meshed with 106 993, eight-noded, linear elements
with reduced integration and hourglass control, with an average element size of 0.6 mm. A mesh
convergence study was performed using 1.0, 0.8, and 0.6 mm elements, and the difference in the
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peak displacement varied by less than 5% between the 0.8 and 0.6 mm element sizes. As shown in
Figure 3, symmetry boundary conditions were assumed on the vertical plane on the left side of the
model (x D 0), which contains the focus, and on the image plane (y D 0). In the lateral direction
on the face x D 20 mm and in the elevation direction on the face at y D 10 mm, infinite elements
were used to effectively extend the domain by building in boundary damping to minimize reflec-
tions [25, 33]. Lastly, the top boundary (´ D 0) was taken to be free, and the bottom boundary
(´ D 95 mm) was taken to be fixed in all directions. The body force was computed for each element
in the finite element domain excluding the elements on the top surface at the transducer interface
and in the infinite elements. Explicit, dynamic simulations were performed in Abaqus [25]. The
radiation push was applied for 250 s = 0.25 ms, as in the experiment, and the entire simulation
duration was 10 ms.
Three distinct materials are considered in the model:
1. Viscoelastic background medium,
2. Viscoelastic inclusion, and
3. Elastic material in the infinite elements.
The viscoelastic material model used for the gelatin phantom background and stiffer inclusion is
that presented in Section 2.1, and the infinite elements were treated as elastic. The density of all
three materials was assumed to be  D 1000 kg/m3. The shear modulus of the infinite elements
was assumed to be the same as the instantaneous shear modulus 0 of the background. The
bulk modulus K was computed from the instantaneous modulus assuming a Poisson’s ratio of
 D 0.495, where
K D 2.1 C /
3.1  2/ (21)
A Poisson’s ratio of  D 0.499 was also tested, and the results were nearly indistinguishable (less
than 1.5% variation in the peak displacement). To increase the maximum allowable time step, which
is limited by the ratio of the element size to the compression wave or sound speed in the material,
the value of  D 0.495 was used in the simulations. By using  D 0.495 instead of 0.499, the time
step could be more than doubled, because the sound speed is proportional to
p
K and K is very
sensitive to the Poisson’s ratio when it approaches the incompressible limit of 0.5, as can be seen
from Equation (21). Finally, it should be noted that a typical value of Poisson’s ratio for soft tissue
is  D 0.49999.
Thus, the parameters required to be identified in the model are the instantaneous shear modulus
0, the relaxation times 1 and 2, and the Prony series coefficients g1 and g2 in both the back-
ground and inclusion. The instantaneous shear modulus was determined by estimating the speed
of the wave front in the background and inclusion. Because the wave front is the fastest part of the
wave, it is associated with the highest frequencies, and the shear wave speed at very high frequencies
tends to
c0s D
r
0

(22)
Given that the excitation was created with a rectangular impulse, very high frequencies are excited,
and thus, Equation (22) may be used to find 0. The relaxation times need to be set to damp out
oscillations that may result from the 250 s excitation as well as capture the longer relaxation time
behavior after the wave passes. Thus, relaxation times in the range 10–1000 s were considered.
The Prony series coefficients must each be between zero and one, and the sum of the Prony series
coefficients, g1 and g2, is also restricted to be such that 0 < g1Cg2 < 1, based on the definition from
Equations (11) and (8). Given these constraints, the material properties were determined by trial and
error. On the order of 100 trials were performed comparing the simulation results against experi-
mental measurements at select locations in the background and inclusion. Although exact replication
was not achieved, the best parameters from the trials were chosen as the final material properties
and are listed in Table I. Figures 5 and 6 shows a comparison of the resulting displacements in the ´
(depth) direction, normalized by the peak displacement at the point closest to the focus, for a set of
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Table I. Model material properties.
Material parameter Units Background Inclusion Infinite material
0 Pa 18 395 43 478 18 395
g1 — 0.11 0.14 —
1 s 85 85 —
g2 — 0.14 0.08 —
2 s 500 300 —
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Figure 5. Comparison between experimental and simulation displacement results as a function of time using
the full radiation push; for a set of points at the focal depth above the inclusion.
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Figure 6. Comparison between experimental and simulation displacement results as a function of time
using the full radiation push; for a set of points at the depth of the center of the inclusion passing through
the inclusion.
10 points, five points above the inclusion at the focal depth and five points at the depth of the center
of the inclusion. The locations of the points considered are illustrated in Figure 7. The root mean
square difference between the measured and computed normalized displacements was found to be
0.08 for both the set of points above the inclusion and for those at the depth of the inclusion. Further
discussion of these results is given in Section 5.
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Figure 7. Location of points, marked by x, used in comparing experiment and simulation in Figures 5
and 6.
3.4. Case studies
Six case studies were performed to determine the effect of using a subset of the region, where
the intensities are highest, to apply the ARF to induce the shear wave through the heterogeneous
medium. These cases were as follows:
Case 1. Full radiation push
Case 2. Threshold the full push at 99% of the maximum body force
Case 3. Threshold the full push at 95% of the maximum body force
Case 4. Threshold the full push at 90% of the maximum body force
Case 5. Focal region push
Case 6. Single element point source push
The first case included the entire radiation field as a baseline case. Cases 2–4 used a percentage
of the full radiation field to determine if thresholding would provide comparable results. Case 5
incorporated the 104 focal elements in the region defined previously. The final case used the body
force from a single element to simulate a point source. The regions where the body forces are
applied in each case study are shown in Figure 4, superimposed on the logarithm of the normalized
radiation intensity field. The figure on the right shows Cases 1–4, and the zoomed view on the left
shows the regions for Cases 5 and 6. For each case, the same material parameters are used as those
found by matching the simulations using the full radiation push to the experiments, as described in
Section 3.3 and listed in Table I.
4. RESULTS
In this section, the results from the six case studies are presented. First, the ´-displacement versus
time traces for the three points above the inclusion nearest the focus, shown in Figure 7, are plotted
to compare the simulation results with the full ARF push to the cases considering the ARF applied
to only a subregion of the simulation domain. Figure 8 shows Cases 2–4 compared with considering
the full push (Case 1), and Figure 9 shows the results for Cases 5 and 6. In each case, the displace-
ment is normalized by the peak displacement for fair comparison because the pushes on a subregion
do not have the same overall force when integrated over the volume. The difference between the
full push and threshholding at 99% of the maximum intensity appears small, but all the other results
show significant differences, which are discussed further in the next section.
To obtain a bigger view of the excitation on the 3D model, the normalized ´-displacement field at
approximately 0.5 ms into the dynamic simulation are shown for each case in Figures 10–15 on the
right. This is 0.25 ms after the push has ended. The displacement field is normalized by the maxi-
mum displacement in each case. The shear wave, which travels through the heterogeneous medium,
is also illustrated in the same figures on the imaging plane, which is reversed (right to left) because
the imaging plane is on the back side of the model. To illustrate the propagating wave, the normal-
ized ´-displacement field on the imaging plane is shown stepped through time from 0.5 to 5 ms for
each case study.
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Figure 8. Comparison of the resulting displacement histories between full push and various thresholding
cases as a function of time from the finite element simulation, for three points above the inclusion nearest
the focus.
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Figure 9. Comparison of the resulting displacement histories between full push and cases including only a
push near or at the focus as a function of time from the finite element simulation, for three points above the
inclusion nearest the focus.
Figure 10. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, full radiation push.
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Figure 11. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, threshold at 99%.
Figure 12. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, threshold at 95%.
5. DISCUSSION
With the results of this work, observations are presented with respect to the accuracy of the finite
element model as well as trends from the case studies.
5.1. Model accuracy
From the material properties found by matching the simulations to the experimental data listed
in Table I, the frequency dependent shear wave speed and attenuation for a plane wave may be
determined. First, the complex shear modulus may be expressed in terms of the angular frequency
! as [26]
G.!/ D 0
"
1 
2X
mD1
gm
1  i!m
1 C !22m
#
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Figure 13. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, threshold at 90%.
Figure 14. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, focal region push.
Then, the shear wave speed cs and the shear wave attenuation ˛s are
cs D

Real
r

G.!/
	1
(24)
˛s D !

Imag
r

G.!/
	
(25)
The shear wave speed and attenuation as a function of frequency for the material properties obtained
for the background and inclusion are shown in Figure 16(a) and (b).
The high frequency shear wave speeds were selected to match the speed of the wavefronts
determined by the arrival times of the wave fronts, leading to a high frequency shear wave speed of
4.3 m/s in the background and 6.6 m/s in the inclusion. The wavefronts in Figures 5 and 6 are fairly
well captured as well as the location of the peaks. Thus, the high frequency wave speeds are well
represented in the model. Because the excitation is a square pulse for only 250 s, the dominant
frequencies are above 1000 Hz. Therefore, the lower frequency behavior predicted by the model has
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Figure 15. Simulation normalized ´-displacement field stepped from 0.5 to 5 ms, point source push.
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Figure 16. (a) Shear wave speed and (b) attenuation as functions of frequency.
not been tested and may not be valid. Except for the first two peaks, the arrival times and slopes
of the displacement curves are very similar to those of the experimental data, both for the points
above the inclusion and those passing through the inclusion. The experimental data had a coarser
resolution with respect to time, so, it is possible that some peaks were missed in the data, which
may be a source in the discrepancy in the first two peaks. In addition, the nodal points in the finite
element mesh, where the simulation displacements are computed, were not exactly at the same loca-
tions as the points where the experimental data was taken, with a maximum difference in location
of 0.12 mm. The attenuation in the peak displacement is also fairly well represented. The peaks
for the data points passing through the inclusion were better matched than in the background. On
the other hand, the recovery after the peaks is not as well represented by the model. In
modifying the material properties, it was difficult to capture both the high attenuation and the shorter
tails on the decline after the peak. A higher attenuation in the peaks is characteristic of a more vis-
cous material, whereas the shorter tails implies a more elastic material that recovers more quickly;
therefore, the two apparent properties of the experimental data could not easily be modeled. Also,
as previously mentioned, the model used in this work was slightly different from the experimental
setup to allow for symmetry in the modeling of the body force field. An additional Maxwell element
in the model, providing damping at a higher frequency, may improve the match against experimental
data by damping out some of the residual oscillations after the peak displacements too, while still
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allowing for a quick recovery. Finally, for the full radiation push, the displacements at the end of the
simulation time are not completely recovered, which is also observed in the experiment (excluding
the last data point in the experiment, which was set to zero). However, the lack of recovery to zero
in the experimental data may be caused by building noise, in which case, it is not associated with the
material response. In the model, it appears that a small reflected wave may be partially responsible
for the model displacements not returning to zero by the end of the simulation time.
5.2. Case study observations
Several case studies were performed to determine the effect of utilizing only a percentage of the full
radiation push. The use of the full radiation push was the baseline case. Three cases that thresholded
the full push to 99%, 95%, and 90% of the maximum body force were investigated to determine the
relative displacement accuracy compared with the full push. The last two cases utilized focal region
and single element pushes.
By comparing the normalized vertical displacement of selected nodes outside of the focal region
as well as the displacement field stepped through time, the effect of using the full radiation push and
only a percentage of the full push was observed. In the displacement field images in Figures 10–15,
the shear wave front may be observed as it moves from right to left across the imaging plane
of the model. Using the full push (Figure 10), as the shear wave passes through the stiffer inclusion,
the wave increases in speed, as shown at 3 and 4 ms. As the percentage of the full radiation push
decreases from 99% to 90%, the size of the shear wave front decreases, and the attenuation increases.
The media also start to recover faster after the peak. Furthermore, the span of the initial displacement
field (as shown at 0.5 ms) decreases as the percentage of full push decreases. When only the focal
region push is performed, the shear wave front decreases dramatically in size, and the attenuation
increases as shown by the decrease in magnitude through time. The media also recover much more
quickly, as shown by the distinct wave passing through both the background medium and inclusion.
Finally, when the single element point source was implemented, the shear wave front becomes much
smaller, the attenuation is highest, and like the focal region push, the media fully recover. It is also
interesting to note that when the push is only on a single element (Figure 15), there is a substantial
displacement in the upward ´ direction (opposite the direction of the push) ahead of the push. This
occurs because as the material is locally pushed down at the focus, to preserve volume, the material
tends to move upwards in the region next to the push. On the other hand, when the push occurs over
a larger region, the material surrounding the focus is subjected to a downward force from material
above it, preventing it from moving in the upwards direction. This can be seen more clearly in the
displacement plots for distinct points near the focus (Figure 9) discussed next.
When the displacement curves at the distinct points are compared and contrasted for each case,
it is evident that the focal region and single element pushes are not adequate to model the effect of
using the full radiation push. Figure 9 compares the simulated data from using the full push, focal
region push, and single element push. Several observations can be made when using focal region or
single element pushes:
 Underdamped displacements, as shown by residual oscillation
 Rapid decrease in displacement after peak
 Narrower peaks
 Full displacement recovery
 Nodes outside the focal region experience initial displacement in opposite direction
As mentioned in [19], the low amplitude of the radiation field plays a significant role in the
relaxation time of the response; therefore, the focal region and single element pushes do not match
the relaxation of the full radiation and experimental data responses. Based on Figure 9, it is clear
that using a focal region or single element point source push is not adequate to accurately model the
effects of the entire radiation field.
In addition to investigating the effect of using a focal region or single element point source push,
thresholding the full radiation push was evaluated to determine whether reducing the applied force
field could produce comparable results with less computation time. Figure 8 compares the simulated
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data from the full push and the thresholded pushes. These results illustrate that as the threshold
percentage decreases, the displacements begin to recover and attenuate more quickly. The initial
slope of the curves, and therefore the arrival time of the shear wave, does not significantly vary as
the thresholding percentage decreases. Although the figure, coupled with the displacement curves in
Section 4 demonstrates that thresholding to a certain degree will not be adequate, it also shows that
the 99% threshold is fairly close to the full push displacement. The maximum absolute displacement
error between the 99% threshold and the full push in the three selected nodes was less than 4%.
In addition to displacement accuracy, the computation time for the simulations were evaluated
to determine if a comparable threshold could reduce the computation time. For Cases 2–6, the
simulation time was approximately half that for the full push, which took 66 min to complete on
a Lenova T60 with an Intel Core Duo T2500 processor. Because the 99% threshold push utilized
approximately 13% of the elements in the full push model and took about 45% of the full push
computation time with an absolute displacement error of less than 4%, it may be advantageous to
use this threshold in future studies if the error is deemed acceptable.
6. CONCLUSIONS
An approach for modeling in 3D the dynamic displacement response of viscoelastic soft tissue to
an ARF from a focused ultrasonic transducer has been presented, and the model is calibrated and
compared with experimental data on a tissue-mimicking phantom with a cylindrical inclusion. The
radiation intensities were calculated using the pressure field obtained with the Field II software
[23], and a variable order Gauss quadrature numerical integration scheme was used to determine
the body force for each element in the model, which was proportional to the element intensity.
The finite element model was developed in ABAQUS [25]. Owing to a high intensity gradient at
the focus, a higher-order integration scheme was used within the focal region to allow for a larger
element size while maintaining accuracy, thereby reducing computation time. The viscoelastic mate-
rial parameters for the background medium and stiffer, cylindrical inclusion were calibrated using
a trial-and-error approach by comparing the shear wave response with experimental data. The finite
element simulation results matched well with the experimental data with respect to replicating the
shear wave speed and attenuation in the peak displacements through the background medium and
inclusion, but did not illustrate comparable recovery after the peak displacements.
The focus of this work has been to determine if a focal region or single element point source
was adequate to properly model the effects of the full radiation field or if the full field is required.
Thresholding the full push has also been investigated to evaluate whether a threshold could produce
comparable displacement results, but use less computation time. To accomplish this, several case
study simulations were performed using the full radiation push, a focal region push, a single ele-
ment acting as a point source push, and 99%, 95%, and 90% thresholds of the maximum body force.
The displacement fields stepped through time were observed for each case study. Their respective
displacement data as a function of time for several nodes across the imaging plane at the focal
depth and through the center of the inclusion were compared with experimental data. The simulated
displacement data was then compared among the different cases. It was shown that using a focal
region or single element push was not sufficient to properly model the effect of the full radiation
push and therefore did not match well with the either the simulated data considering the full push
nor the experimental data. These pushes produced underdamped, over-attenuated displacements that
fully recovered within the simulation time. The produced peaks were also more narrow, and there
was an initial displacement in the opposite direction, which was not apparent in the full push and
experimental data. With respect to thresholding, the studies showed that a 99% threshold, which
ignores the lowest 1% of the body forces, could adequately replicate the full push data within 4% of
the absolute displacement, at least for the selected nodes, while reducing the computation time by
approximately half.
As a result of this work, a predictive finite element viscoelastic model has been developed, in
which the material behavior induced by acoustic radiation force excitation is correlated with experi-
mental data. Because the model has been calibrated to replicate the response from tissue-mimicking
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phantoms in the experiments; the next step would be to model data obtained from actual tissue
samples. In addition to modeling different materials, varied transducer settings may be simu-
lated to determine the effect on the resulting displacement field and shear wave propagation. This
model could also be used to test new experimental configurations when the transducer settings,
the geometry of the inclusions, or the phantoms are modified. Finally, data from this model may
be used to test inverse algorithms to reconstruct the viscoelastic material parameters. For example,
the inverse approaches developed by McLaughlin and Renzi [1] as well as Park and Maniatty [2]
could be used in conjunction with the model data to test the algorithms and reconstruct the material
shear modulus.
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